A nearly two-dimensional foam is generated inside a Hele-shaw cell and left at rest on its liquid bath. The system is then vertically shaken and, above a well-defined acceleration threshold, surface waves appear at the foam-liquid interface. Those waves are shown to be subharmonic. The acceleration threshold is studied and compared to the common liquid-gas case, emphasizing the energy dissipation inside the foam. An empirical model is proposed for this energy loss, accounting for the foam characteristics such as the bubble size but also the excitation parameter, namely the linear velocity.
I. INTRODUCTION
Aqueous foams can be seen as dispersions of gas bubbles inside a surrounding fluid composed of water and surfactant. The rheology of those complex fluids depends on their liquid content ϕ [1] . When the amount of liquid, with respect to that of gas, is large (typically ϕ 10%) the foam is identified as wet. Adjacent bubbles are free to move relatively to each other but some energy is dissipated due to the viscosity of the motion of the interstitial fluid [2] . In the case of dry foams (ϕ 10%) the bubble interaction is more elastic and energy is dissipated by the geometrical reorganization of the liquid films separating the bubbles [2, 3] . Up to now, a lot of experimental [4, 5] and theoretical [6, 7] studies have been conducted on the rheology of aqueous foams, both in two-dimensional and three-dimensional configurations. Most of those works focus on the bulk properties of the foam, under external constraints. To our knowledge, the interface between the foam and its liquid bath did not receive such attention. However, the interface between two fluids is defined in terms of an interfacial tension, and depends on the viscosity, the density, and the chemistry of both fluids. In the present case, the foam and its liquid bath can be seen as two nonmiscible fluids, with some kind of mixing length defined by the height the water that can imbibe the foam thanks to capillary rise.
In order to probe the mechanical properties of an interface, hydrodynamic instabilities appear as useful tools. One of those instabilities is the Faraday instability [8] , emerging when a free surface experiences vertical oscillations above acceleration c . For acceleration values in the vicinity of c , the free surface is covered by a set of standing waves which can be ordered into different geometries [8] [9] [10] [11] [12] [13] . The Faraday waves are parametrically excited and oscillate at half the forcing frequency [8, 19] . The dispersion relationship in the inviscid and spatially infinite free fluid surface hypothesis reads
where the ω m (k) are the natural frequency of each of the eigenmode k of the surface, σ is the fluid surface tension, ρ its density, g 0 is Earth's gravitational acceleration, and h is the depth of the liquid pool [22] .
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The threshold for instability is observed to depend on the fluid viscosity [14, 15] as well as on capillary effects [16] [17] [18] . In case of miscible fluids, an instability can also be observed [20] but experiments are limited by the mixing.
In the present paper, we propose to study the stability of a foam-liquid interface under vertical oscillations. Control parameters such as the bubble diameter D, the amplitude A, and the frequency f of oscillations will be investigated. After a description of the experimental setup, we focus on the critical acceleration c . Attention is then put on the damping of the waves due to the foam. A phenomenological model is eventually proposed and validated.
II. EXPERIMENTAL SETUP
All the experiments presented below have been carried out inside Hele-Shaw (HS) cells made out of polycarbonate plates (130 × 100 × 3 mm 3 ). Half of the cells were filled with an aqueous surfactant solution composed of 94% bi-distilled water, 1% commercial dishwashing soap, and 5% glycerol. Using milli-fluidic T junctions [21] , bubbles are blown into this liquid pool and compose the foam. The cell does not have a top wall so the foam is left in contact with air for all the following experiments. The bubble diameter D ranges in [1; 4] mm. The amount of foam inside the HS cell is defined as the height H reached by the bubbles above the liquid surface. The depth of the liquid pool is assumed as infinite. The cell is then vertically fixed onto an electromagnetic shaker (as shown in Fig. 1 ) providing oscillations which are defined by their frequency f ∈ [5; 50] Hz and their amplitude A. The latter is deduced from the measurement of the acceleration ≡ A(2πf ) 2 ∈ [0.5; 3]g 0 . The frequency ranges in [18; 28] Hz for experiments with foam. The lower limit is due to our shaker acceleration range and the upper one is set by the features of Faraday waves. Indeed at high frequencies the wavelength is typically of the order of the bubble diameter or smaller. The HS cells are backlighted and images of the foam are recorded using a high-speed video camera configured at 1000 frames per second (fps).
Before each experiment the freshly generated foam was left at rest for a few minutes in order to reach its gravitational equilibrium. The regular replacement of the foam was so that the foam neither ages nor evolves over the experiment duration time. 
III. THRESHOLD FOR INSTABILITY
Above a well-defined acceleration value, standing waves are observed at the foam-liquid interface (see Fig. 2 ). Because the eigenfrequency of those waves is half the forcing frequency, the emergence of a Faraday instability along the foam-liquid interface can be considered. Figure 2 evidences the dependency of the wave properties with f and D. As for "common" Faraday instability, the wavelength decreases when the forcing frequency f increases. Keeping f constant while increasing D leads to smaller wavelengths.
The stability curve is presented in Fig. 3 where the critical acceleration c is normalized by the gravitational acceleration g 0 and plotted versus the forcing frequency f . Different values of D are presented. For comparison, the critical acceleration threshold corresponding to the free surface of the liquid mixture used for producing the foams is also reported. The most important result of these curves is the systematically larger c /g 0 value for the foam-liquid interface case. The presence of the foam implies a larger energy input for the instability to appear. One can then suppose that some energy is, among other, dissipated in moving bubbles inside the assembly. Moreover the c /g 0 value is larger when the bubble diameter is smaller, that is, the extra energy increases with the density of Plateau borders along the interface. As detailed later, an explanation for this result might be given in considering the viscous dissipation occurring in the capillary meniscus between the bubbles.
During the oscillations, the top part of the foam seems to be unaffected by the instability [see Figs. 2 and 4 (left)]. The foam indeed remains dry over there and the bubbles, apart from the interface with a few bubble diameters, are not even sheared during the oscillations of the HS cell. The latter is confirmed in Fig. 4 where the bubble mean displacements during one oscillation period are plotted as a function of the vertical position of the bubbles inside the foam. The latter is the measurement with respect to the bubble geometrical center position when the interface is flat. It clearly appears that the higher the bubbles are, the smaller are their displacements. A fit to those data, using an exponential decay gives a typical depth of penetration of the displacement profile of close to H ∼ 2.5 D. This result is roughly independent of the forcing frequency (10% of variation are observed over the range of D value we tested).
Knowing that the amount of liquid inside the foam decreases from the bottom to the top [2] one may think that viscous dissipation might be considered as dominant near the interface (high liquid fraction) while elasticity of soap films should play an important role for the top dry foam. The c /g 0 ratio has thus been measured for different heights H of foam, that is to say, for a different number of bubble layers above the interface. For low H values (H ≈ D), the entire foam is wet. Figure 5 presents this ratio versus the normalized foam height ζ ≡ H/D. The first data point of this figure corresponds to the free surface case, where c /g 0 ∼ 1. As the height of foam increases, the measured ratio increases, before reaching a saturation value close to ζ 5. Thus, the instability threshold is modified by the foam above the interface and increases with the foam height. The energy loss due to the foam is addressed in the next section.
IV. WAVE DAMPING COEFFICIENT
The upshift of the critical acceleration c due to the presence of the foam is somehow a signature of the energy loss by dissipation into the foam. To study this dissipation we measured the damping of the standing waves when the shaker is suddenly stopped. The system is thus excited above c and then, suddenly left at rest. Free waves succeed to Faraday waves, and exhibit an amplitude exponentially decreasing to zero within a short time ( ms). The waves' evolution is presented in Fig. 6 for different foam heights ζ . Noting γ as the rate of energy loss, the wave damping has been characterized by fits to the data, assuming the law,
where A corresponds to the oscillatory motion. The γ damping coefficient has been measured for values of the foam height ζ ∈ [0,25]. For the present setup, this range of variation goes from a free surface without foam to a totally filled HS cell. All curves of Fig. 7 experience a sharp growth and then tend to saturate at a given value. The asymptotic values are, however, depending on the experimental parameters. These data points have been modeled with the following law,
where γ sol 14 s −1 corresponds to the free surface, γ ∞ is the saturation value, and C is the free fitting parameter. The characteristic heights ζ
• related to the curves obtained at a forcing frequency f = 18 Hz are close and read ζ • ∼ 2.3. This value is pointed in Fig. 7 with a vertical dashed line. It should be noted that the error bar extrema correspond to the maximum and minimum measured values.
The similarity between Figs. 5 and 7 is consistent and should be related to the saturation of the energy dissipation rate as the height of foam is larger than a few (two to three) bubble layers. The key parameter is then the number of bubble layers and not the absolute height reached by the liquid thanks to capillarity. The nonhomogeneous liquid fraction along the vertical, seen as a macroscopic parameter, may play a role but its effect seems to be of a second order. A closer look at the deformed foam-liquid interface reveals that a geometric effect may also be responsible for the discrepancy observed with the largest bubbles. When the interface is deformed, its length is increased. Therefore, the distance between the bubbles composing the first layer close to the liquid increases, creating gaps. Those spaces, obviously filled with liquid, are mainly located at the maxima of the Faraday waves, as shown in Fig. 8 . Each oscillation period sees those regions bent and then compressed, meaning that some liquid has to be pulled in and out. In the case of the largest bubbles we tested (D = 4 mm), the internal pressure of the bubble is quite small and large deformations of the first layer bubbles are observed.
As stated before, the instability threshold (see Fig. 3 ) and the damping coefficient (see Fig. 7 ) depend on the forcing frequency f and the bubble's diameter D. The values of the damping coefficient γ observed at different frequencies and bubbles' diameters are reported in Fig. 9 . Those data have been acquired by considering an infinite depth of liquid and an infinitely high foam (ζ 20). The horizontal axis of the plot is the wave number k, measured on the experimental data. The plain dots correspond to the free surface case. In agreement with the instability threshold values, the dissipation is increased by the foam. It is also important to note that γ increases with the wave number k but does not seem to depend so much on the bubble diameter, at fixed k value.
V. PHENOMENOLOGICAL MODEL
Three sources of energy dissipation can be identified and originate in (i) the viscosity of the liquid, (ii) the capillary meniscii, and (iii) the bubble displacements. We will consider that the total energy dissipation can be written as the sum of these three contributions. The total energy loss γ being defined as
whereĒ is the input energy averaged over one oscillation period and¯Ė is the rate of energy dissipation, averaged over the same time laps [22] . We now consider the three energy dissipation processes, one by one. Generating Faraday waves over the free surface of a viscous liquid leads to some energy dissipation due to the bulk viscosity of the solution. By means of dimensional analysis, the damping coefficient γ ν related to this process can be estimated to γ ν ∼ νk 2 [16] , where ν is the kinematic viscosity of the liquid. The second source of energy dissipation results from the nonslipping condition of the liquid at the cell walls. As the cell is oscillated, the pinning of the contact line causes the spatial extension of the capillary meniscus to vary. This generates a fluid motion inside a boundary layer of typical thickness δ = ν(2πf ) −1 . With the same dimensional analysis as previously one gets
, where l and L are, respectively, the HS cell thickness and width [16] . Eventually, the damping coefficient related to the liquid depends on the fluid viscosity, the wave number, and the cell geometry. It reads
where the free fitting parameters M 20.8 and N 2.7 here. This model suits the data corresponding to the free surface in Fig. 9 , with a quite good agreement. The energy dissipation inside the foam should be related to the fluid motion inside the Plateau border (PB) network. As shown in Fig. 8 , the interface deformations lead to the creation of empty spaces, whose size is typically a bubble diameter D. Assuming that the initial width of a Plateau border is d, the energy cost for increasing this width up to the value D might be estimated by order of magnitude calculations. We consider a Poiseuille flow inside the Plateau border, occurring at the forcing velocity 2πAf and rising up to a typical height D. This hypothesis allows us to estimate the pressure that should be exerted on the fluid from the liquid pool through the foam. Accounting for the change in volume of the PB, this pressure work gives the energy balance related to this forced imbibition. Eventually, the rate of energy dissipated during this rising is
This leads to a damping coefficient,
depending on the Faraday wave number and the bubble size. The sum of the three contributions, γ ν , γ σ , and γ foam gives the total energy dissipation in the system. A fit to the data, using this relationship is presented in Fig. 9 , by the upper dashed line. Assuming a proportionality between the initial PB width and the bubble size [23] , namely d = aD with a being a constant, one gets γ foam = F η ρAa 2 k, where F is a numerical prefactor. For the data presented in Fig. 9 , fit to the data leads to F a 2 113, providing F 1. Despite the simplicity of this energy approach, the model is able to reproduce the observations, up to an acceptable level. This may explain the similarity of γ values for different bubble sizes in Fig. 9 .
VI. SUMMARY
We have studied the stability of a foam-liquid interface experiencing vertical oscillations. Above a critical acceleration threshold, the interface is covered by Faraday waves. The threshold for the instability is higher when a foam covers the liquid free surface. The energy loss due to the foam has been modeled by energy considerations accounting for viscosity, surface tension, and bubble motions.
